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Abstract In this paper a Generalized Least Square estimator for the simultaneous estimation of O-D matrix and 
equilibrium traffic assignment model parameters is presented. The problem is formulated as fixed-point model 
(equilibrium programming) assuming the congested network case. In the optimization step the variability of both O-D 
demand vector and the matrix of link choice probabilities is considered. We assume as input information a set of 
observable network data, such as link traffic counts and travel time, as well starting estimates of both O-D matrix and 
model’s parameters. Along the paper, the theoretical aspects of the proposed estimator, the solution algorithm as well as 
the results of numerical applications are discussed.  

1 Introduction 

 Achieving reliable estimation of link flow over road networks is an important issue for transportation planners 
and engineers. Traffic Assignment Models (TAM) allow to simulate how Origin-Destination (O-D) travel demand loads 
the links of a given traffic network. The simulation performances of TAM are linked to the quality of O-D matrix as 
well as to the path-choice and supply models. Another requirements for specifying an effective TAM is the calibration 
of the model coefficients (e.g. link cost functions parameters or demand model parameters) whose value could strongly 
affect the estimation performances of the assignment process. Most of the methods presented in literature are addressed 
to the O-D matrix estimation and link flow simulation neglecting the importance of the traffic model parameters or 
assume as given their values. In fact, usually, such parameters are assumed “a priori” on the basis of subjective 
knowledge or transferring calibration results relevant to similar study areas as well as using values from handbooks. 
Besides, the calibration of such parameters is very difficult for the lack of data and/or because of the high cost of direct 
surveys, thus it is necessary to define calibration methods based on cheap and easy and immediate to collect data.  A lot 
of effective and theoretically consistent methodologies are proposed in literature to estimate O-D matrix by using 
aggregate data such as traffic counts (i.e. observed link traffic flows) [1] but very few deal with the calibration of traffic 
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model parameters by aggregate data (e.g. [2] [3] [4] [5] [6] [7]). Particularly in [8] a simultaneous Multinomial Logit 
calibration and O-D matrix estimation using traffic counts is proposed. 

In this paper a Generalized Least Square (GLS) estimator [9] is presented to solve the simultaneous assignment 
model calibration and O-D matrix estimation based on aggregate data (traffic counts and/or travel time measurements). 
The calibration problem is specified as an optimization problem using a fixed point formulation assuming the congested 
network case (equilibrium programming). We assume as available information a set of link traffic counts and/or travel 
time measurements and starting estimates of the OD travel demand vector and of the unknown parameters. The GLS 
estimator determines the O-D matrix and the TAM parameters by minimizing the weighted Euclidean distances 
between the vectors of the available data and the solution vectors. The solution of the proposed problem can be carried 
out using heuristic algorithms based on the method of successive averages. Besides, we assume the assignment matrix 
(link choice probabilities) as variable within the optimization algorithm, taking into account the effects of congestion on 
user's choice for each iteration. With respect to the methods addressed to adjust only the O-D matrix, we also obtain a 
calibrated assignment model that can be used to simulate new interventions on the transportation network. In the paper, 
we will present the statistical performance of the proposed estimator and the results, that will also be compared to the 
performance of other approaches, such as the traditional O-D matrix estimation with traffic counts. The early obtained 
results show that the proposed approach is very interesting.  

2 Proposed calibration model 

We assume the case of congested networks, therefore the considered traffic assignment model is based on a 
Stochastic User Equilibrium (SUE) [10]. User’s path choice behaviour is usually modelled on the basis of random 
utility theory [11] that estimates the probability pk that a user i chooses the path k belonging to his/her path choice set Ii. 
The simplest and most applied model to specify the probability pk that user chooses the path k is the Multinomial Logit 
model; this model assumes the distribution of random residual term as a Gumbel variate with parameter  that leads to 
the following formulation: 
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where Ck is a linear function of path cost attributes Xw and parameters w: 

 Ck = wwXw        kIi 

In general, let   (, ) and assumed X fixed, the links choice probability is a function of  : 
The parameters vector  has to be estimated by using a model calibration procedure. The aim of this paper is 

to calibrate simultaneously  parameters and the O-D matrix using traffic counts assuming the congested network case.  
The most general form to solve the estimation of  O-D matrix using traffic counts can be formulated as an 

optimization problem [3, 9, 12]: 
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where:  

 Sd is the feasible solution set to the problem;  
 F1 and F2 are, respectively, measures of the “distance” between the starting estimate d  (target demand vector) and the 

unknown vector d and between estimated link flows vector f and traffic counts vector f̂ ; 
 H = Ap() = al,k pk ={ hl,od } is the assignment matrix (l =link index, od = OD couple index); 
 A = al,k is the link-path incidence matrix; 
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 f = H d   with entries fl = odhl,oddod; 
 d={ dod }  is the OD travel demand vector. 

According to this approach the formulation proposed to calibrate also the distribution parameter is: 
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where:  

 Sb is the feasible solution set for  parameters; 
 F3 is a measure of the “distances” between the estimated link costs c() (calculated with the estimated * 

parameters) and link costs measured on observed links ĉ . 

The problem (1) can be represented as a bi-level programming problem or as a fixed point formulation [13]. In 
this paper the calibration problem is solved using a fixed point formulation (equilibrium programming): 
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The distances F1, F2 and F3 can be defined following different statistical approaches and assumptions. In this 
work the Generalized Least Square (GLS) estimator has been assumed because it is robust and it is the most efficient 
linear unbiased estimator [9]. For the GLS estimator the measure of distance assumes the form of a weighted Euclidean 
metric; then the F1, F2 and F3 of optimization (2) becomes: 
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where W, V and Y are the variance-covariance matrices of the error for the target demand vector, for the link flows and 
for the link choice probability respectively. W, V and Y represent the weights of the available information that can be 
interpreted as the level of confidence (or the reliability) in the available starting data.  

In general, these optimization problems are solved with algorithms assuming the assignment matrix H as fixed 
into the whole procedure [1, 5, 9, 13]. This procedure is suitable when the link costs are known or the network is not 
congested. If we assume a congested network, the user’s choice is affected by the congestion since link flows and link 
costs are mutually dependent. For this reason it is necessary to consider, in TAM and O-D calibration problem, the 
effects due to congestion on link flow estimation too. For instance, this problem is solved fixing a new assignment 
matrix for each iteration [12] but in the optimization step matrix H is a fixed constant. As it will be highlighted, in the 
proposed method, assignment matrix is assumed varying also within each optimization step. 

3 Algorithm for problem solution 

In this section we propose an algorithm resolution for the simultaneous calibration algorithm using GLS 
estimator and stochastic assignment model (SUE). We consider, as variables, O-D demand vector and  parameters. So, 
assignment matrix will be variable too. 
Step 0 initialize:   

counter (k = 0);  
initial demand vector (d0  = d );  
initial parameter values (0 = β ); 
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Step 1 update k = k + 1 
Step 2 solve the optimization problem (2) (distances specified in (3)) with )))((( k

SUE
k dfcHH   (SUE – Logit 

assignment problem is solved with MSA-FA algorithm: Method of Successive Averages – Flow Averaging). 
Optimization is solved by using the SQP algorithm (Sequential Quadratic Programming). 
Starting point of the optimization algorithm (SQP) : 

kkkk

~
  ;

~
 ββdd  . For k = 1 starting point of optimization is 

fixed a priori. 
Step 3 Stop test on maximum relative difference between demand vector elements obtained in Step 2 and demand 

vector elements of previous iteration: 

ε
d
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If the test is satisfied the algorithm ends otherwise go to Step 4. 
Step 4 Optimization new starting point: *

k1k
*
k1k  

~
  ;  

~
ββdd  

 go to Step 1. 

4 Numerical application 

To test numerically the performances of the algorithm proposed, we have carried out the following application. 
The network and data considered by [3] are used as our test network and data, since the problem formulation is similar 
to the one they propose. The considered network has 9 nodes (3 origin centroids  and 3 destination centroids), and 14 
links as depicted  in Figure 1. The traffic assignment model used is a SUE–Logit and the relevant Logit path choice 
model is given by the well known formula:  
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where Ck  represents relevant costs to the path k and θ the model parameter to be calibrated. The paths choice set Iod is 
constituted of all the possible paths of the considered network. We assume as link cost function the BPR function (5) 
with  and  model parameters, where free flow travel time (tr) and capacity (ca) vary link by link.  
 

 

Fig. 1. Test network [3]. 
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Because of the capacity of the links we considered the linear approximation of the BPR cost function starting 
from the 95% of the link capacity value.  

The value of Logit parameter is fixed to 1.5, then the parameters of the path choice model (4) are only the 
parameters of the BPR function ( = (, ).  

In this framework the proposed calibration model is formulated as the following fixed-point problem : 
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where:  

 Sa and Sg are the feasible solution sets respectively for  and  parameters; 
 F3 is a measure of the “distances” between the estimated link costs (calculated with the estimated * and * 

parameters) and link costs measured on observed links. 

The “true” values of BPR parameters are α  = 0.15 and γ  = 4. The “true” O-D vector is shown in Table 1.  

The “true” value of link flows and link costs has been generated by SUE-Logit traffic network assignment of 
the assumed true O-D matrix and with the true value of  , and . Target vector of demand d , measured link flows 
vector f̂  and measured link costs vector ĉ  were obtained, starting from true values, through random extractions from a 
normal distribution. 

Table 1. True O-D matrix. 

O-D 1-6 1-8 1-9 2-6 2-8 2-9 4-6 4-8 4-9 

d


 120 150 100 130 200 90 80 180 110 

 
As many authors suggest, [1, 2] the variance-covariance matrices W (for demand), V (for flows) and Y (for 

costs) can be assumed diagonal.  
Let d


, f


and c
 be the true values of the demand vector, flows vector and costs vector; the relevant values of 

variances have been computed through the following expressions: 

      22
,
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,
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   (7) 

The algorithm was applied on test network with  = 0.001 as stop test for calibration algorithm. To evaluate the 
effect of variation coefficients (or reliability of starting data) on estimated values, numeric application has been carried 
out considering all the combinations between the values of variation coefficients in relation to the demand and flows 
(see Table 2).  

Table 2. Variation coefficients. 

cvd 0.2 0.4 0.6 0.8 1 

cvf 0.02 0.04 0.06 0.08 0.1 
 

For the costs we consider the same value of variation coefficient employed for the flows. We consider a low 
value for flows (and costs) variation coefficient because we give high reliability to measurements as proposed by [12]. 

In order to evaluate the influence of the number of links observed we have considered five different sets of 
links defined in Table 3. 

Table 3. Observed link sets. 

 Set 1 (2/14) Set 2 (5/14) Set 3 (7/14) Set 4 (11/14) Set 5 (14/14) 
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Links 6-9 6-9-10-11-13 6-9-10-11-12-13-14 
1-3-4-6-8-9-10-11-12-13-

14 
all 

 
The starting point for SQP optimization algorithm (Step 2) for the first iteration (k = 1) is fixed a priori 

considering the starting demand equal to the target demand (
k1  dd  ) and all the sixteen combinations among the 

parameter values shown in Table 4. Similarly to [12], the numeric analysis has been made considering 30 demand target 
vectors, 30 measured flows vectors and 30 measured link costs for each combination of variation coefficients, observed 
link sets and starting points.  

 

Table 4. Starting point of parameters values. 

1
~  0.0375 0.075 0.3 0.6 

1
~  1 2 8 16 

 
To evaluate the statistical performances of the proposed method the reduction of MSE (Mean Square Error) of 

median estimated values in comparison to the true one have been used. For example the reduction of MSE of estimated 
demand is: 
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with NO-D equal to the number of O-D couples. 

5 Model results 

For each combination proposed we obtain 30 different estimates. For this analysis (different combination of 
variation coefficients and starting points) the considerations and results related are relative to the obtained median 
values.  

In general, we observe that the worst values of MSE reduction are obtained for higher values of the variation 
coefficients. Conversely, the best results are obtained for lower values of the variation coefficients. 

The demand estimation performances depend on the quality of the target demand vector and traffic-costs 
counts. As shown in Figure 2, for Set 1 of observed links, the value of MSE reduction increases as cvd increases and 
decreases as cvf decreases. The more the number of observed links increases, the more the MSE reduction increases 
(from Set 1 to Set 5).  

The estimation performances relevant to the validation link set (hold-out sample) are better than the demand 
one since MSE reduction is greater than 0.15 in all cases and for the smallest observed set (Figure 2).  

As far as the estimation of the BPR parameter (i.e. * and *) is concerned, we obtained median values that 
tend to the true one (Figure 3) with 0.150 < * < 0.173 and 2.74 < *< 4.08. The cvd seems to affect slightly the 
estimated parameters. Instead, as reported in Figure 3 for Set 1, the more cvf is high the more the estimated parameter is 
far from the true one. 
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Fig. 2. Median reduction of MSE for estimated demand and hold out sample link flows (Set 1). 

 

Fig. 3. Estimated median values of BPR parameters (Set 1). 

Considering all the results relevant to all the considered combination (not the median values) the more the 
starting error on demand, flows and costs is low, the more the estimated values are reliable. In fact, the higher the cvd 
and cvf, the more the number of estimated values worse than the starting values increases. In particular, whereas all the 
values obtained of * are near to the median ones, the estimated values * are very scattered.     

6 Conclusion and further research 

In many practical applications, O-D matrix estimation and link flow simulation are carried out without giving 
the proper importance to the traffic model parameters. In fact, usually, such parameters are assumed “a priori” on the 
basis of subjective knowledge or assuming calibration results obtained in different study areas. In this work, a GLS 
estimator with fixed-point formulation is proposed to estimate simultaneously and consistently the SUE-Logit 
assignment model parameters and the O-D matrix by using a set of available traffic counts.  

The application of the proposed estimator to a test network has shown the effectiveness of the approach that is 
able to reduce the bias induced on the considered traffic variables. Such results have been obtained without using 
expensive and time consuming data and computing effort, providing a method that should be helpful for practical 
application when limited resources for data collecting are available. 
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It also allows to explicitly take into account the analyst's level of confidence (say data reliability) in the 
assumed starting data by weighting the distances between starting and final estimates.  

Application to more extended networks will be a further step. In addition, the effect of the selection of traffic 
counts to be used in calibration is under investigation, as well as the improvement of the proposed algorithms. 
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